Enumeration of planar lattice walks is a classical topic in combinatorics, at the cross-roads of several domains (e.g., probability, statistical physics, computer science). The aim of this paper is to propose a new approach to obtain some exact asymptotics for walks confined to the quarter plane.
Fig. 1.1:
Four famous examples, known as the simple, Kreweras', Gessel's and Gouyou-Beauchamps' walks, respectively
Introduction
Enumeration of planar lattice walks is a most classical topic in combinatorics. For a given set S of admissible steps (or jumps), it is a matter of counting the number of paths of a certain length, which start and end at some arbitrary points, and might even be restricted to some region of the plane. Then three natural important questions arise.
How many such paths do exist?
2. What is the asymptotic behavior, as their length goes to infinity, of the number of walks ending at some given point or domain (for instance one axis)?
3. What is the nature of the generating function of the numbers of walks? Is it holonomic (i) , and, in that case, algebraic or even rational?
If the paths are not restricted to a region, or if they are constrained to remain in a half-plane, it turns out [6] that the generating function has an explicit form (question 1), and is, respectively, rational or algebraic (question 3). Question 2 can then be solved from the answer to 1.
The situation happens to be much richer if the walks are confined to the quarter plane Z 2 + . As an illustration, let us recall that some walks admit an algebraic generating function, see [14] for Kreweras' walk (see Figure 1 .1), while others admit a generating function which is not even holonomic, see [6] for the so-called knight walk.
In the sequel, we focus on walks confined to Z 2 + , starting at the origin and having small steps. This means exactly that the set S of admissible steps is included in the set of the eight nearest neighbors, i.e., S ⊂ {−1, 0, 1} 2 \ {(0, 0)}. By using an extended Kronecker's delta, we shall write
On the boundary of the quarter plane, allowed jumps are the natural ones: steps that would take the walk out of Z 8 such models. Starting from the existence of simple geometrical symmetries, BousquetMélou and Mishna [5] have shown that there are in fact 79 types of essentially distinct walks-we will (i) A function of several complex variables is said to be holonomic if the vector space over the field of rational functions spanned by the set of all derivatives is finite dimensional. In the case of one variable, this is tantamount to saying that the function is solution of a linear differential equation where the coefficients are rational functions (see [13] ).
often refer to these 79 walks tabulated in [5] . For each of these 79 models, q(i, j, n) will denote the number of paths confined to Z 2 + , starting at (0, 0) and ending at (i, j) after n steps. The associated generating function will be written
Answers to questions 1 and 3 have been recently determined for all 79 models of walks. To present these results, we need to define a certain group, introduced in a probabilistic context in [19] , and called the group of the walk. This group W = Ψ, Φ of birational transformations in C 2 leaves invariant the function −1 i,j 1 δ i,j x i y j , and has the following two generators:
Clearly Ψ • Ψ = Φ • Φ = id, and W , when it is finite, is a dihedral group, whose order is even and at least four. The order of W is calculated in [5] for each of the 79 cases: 23 walks admit a finite group (then of order 4, 6 or 8), and the 56 others have an infinite group. The expression of the generating function Q(x, y, z)-or equivalently the answer to 1-for the 23 walks with a finite group has been determined in [2, 5] , mainly by algebraic manipulations, starting from the so-called kernel method in the two-dimensional case (see, e.g., [9] and references therein).
As for the 56 models with an infinite group, the function Q(x, y, z) related to the 5 singular walks (i.e., walks having no jumps to the West, South-West and South) was found in [20] by using elementary manipulations on (2.1). For the remaining 51 non-singular walks, Q(x, y, z) was found in [21] by the method, initiated in [8, 9] , of reduction to boundary value problems (BVP).
Concerning 3, the answer was obtained in [2, 5, 10] for the 23 walks with a finite group: the function Q(x, y, z) is always holonomic, and even algebraic when −1 i,j 1 ijδ i,j is positive. For the 56 models with an infinite group, it was also proved that they all admit a non-holonomic generating function: see [20] for the 5 singular walks, and [17] for the non-singular ones.
Let us now focus on question 2, which actually is the main topic of this paper. A priori, it has a link with question 1 (indeed, being provided with an expression for the generating function, one should hopefully be able to deduce asymptotics of its coefficients), and with 3 as well (since holonomy is strongly related to singularities, and hence to the asymptotics of the coefficients). As we shall see, the situation is not so simple, notably because the expression of the function (1.2) is fairly complicated to deal with, in particular when it is given under an integral form, which is a frequent situation in concrete case studies.
If we restrict question 2 to the computation of asymptotic estimates for the number of walks ending at the origin (0, 0) (these numbers are the coefficients of Q(0, 0, z), see (1.2)), a very recent paper [7] solved the problem for much more general random walks in R d , for any d ≥ 1: indeed, the authors obtain the leading term of the estimate, up to a coefficient involving two unknown harmonic functions. On the other hand, it is impossible to deduce from [7] the asymptotic behavior of the number of walks ending, for instance, at one axis (coefficients of Q(1, 0, z) and Q(0, 1, z)), or anywhere (coefficients of Q(1, 1, z)).
Still with respect to question 2, it is worth mentioning several interesting conjectures by Bostan and Kauers [3, 4] , which are proposed independently of the finiteness of the group.
The aim of this paper is to propose a uniform approach to answer question 2, which, as we shall see, works for both finite or infinite groups, and for walks not necessarily restricted to excursions as in [7] . First, Section 2 presents the basic functional equation, which is the keystone of the analysis. Then, Section 3 illustrates our approach by considering the simple walk (the jumps of which are represented in Figure 1 .1), which has a group of order 4. In this case, we obtain an explicit expression of Q(x, y, z), allowing to get exact asymptotics of the coefficients of Q(0, 0, z), Q(1, 0, z) (and by an obvious symmetry, also of Q(0, 1, z)) and of Q(1, 1, z), by making a direct singularity analysis. Section 4 sketches the main differences (in the analytic treatment) occurring between the simple walk and any of the 78 other models. In particular, we explain the key phenomena leading to singularities. Indeed, a singularity is due to the fact that a certain Riemann surface sees its genus passing from 1 to 0, while another singularity takes place at z = 1/|S|, where |S| denotes the number of possible steps of the model. Also, as in the probabilistic context (although this will not be shown in this paper), the orientation of the drift vector has a clear impact on the nature of the singularities which lead to the asymptotics of interest.
To conclude (!) this introduction, let us mention that our work has clearly direct connections with probability theory. Indeed, with regard to random walks evolving in the quarter plane, and more generally in cones, the question of the asymptotic tail distribution of the first hitting time of the boundary has been for many decades of great interest. The approach proposed in this paper should hopefully lead to a complete solution of this problem for random walks with jumps to the eight nearest neighbors.
The basic functional equation
A common starting point to study the 79 walks presented in the introduction is to establish the following functional equation (proved in [5] ), satisfied by the generating function defined in (1.2):
where c and c are defined in (2.3) and
Equation (2.1) holds at least in the region {|x| 1, |y| 1, |z| < 1/|S|}, since obviously q(i, j, n) |S| n . In (2.1), we note that the δ i,j 's defined in (1.1) play the role (up to a normalizing condition) of the usual transition probabilities p i,j 's in a probabilistic context.
Our main goal is to analyze the dependency of Q(x, y, z) with respect to the time variable z, which in fact plays merely the role of a parameter, as far as the functional equation (2.1) is concerned. Remark that Q(x, y, z) has real positive coefficients in its power series expansion. Thus, letting R denote the radius of convergence, say of Q(1, 0, z), we know from Pringsheim's theorem (see [23] ) that z = R is a singular point of this function.
The quantity (2.
2) that appears in (2.1) is called the kernel of the walk. It can be rewritten as
where
Let us also introduce the two discriminants of the kernel, in the respective C x and C y complex planes,
From now on, we shall take z to be a real variable. Indeed this is in no way a restriction, as it will emerge from analytic continuation arguments.
For z ∈ (0, 1/|S|), the polynomial d (resp. d) has four roots (one at most being possibly infinite) satisfying in the x-plane (resp. y-plane)
as shown in [21] . Then consider the algebraic functions X(y, z) and Y (x, z) defined by
With the notations (2.3) and (2.4), we have
From now on, we shall denote by X 0 , X 1 (resp. Y 0 , Y 1 ) the two branches of these algebraic functions defined in the C y (resp. C x ) plane. They can be separated (see [9] ), to ensure
, keeping in mind that the variable z merely plays the role of a parameter.
The example of the simple walk
To illustrate the method announced in the introduction, we consider in this section the simple walk (i.e., δ i,j = 1 only for couples (i, j) such that ij = 0, see Figure 1 .1). Then the following main results hold.
Proposition 3.1 For the simple walk,
Note that Q(0, 0, z) counts the number of excursions starting from (0, 0) and returning to (0, 0).
Proposition 3.2
For the simple walk, as n → ∞,
Proposition 3.3 For the simple walk,
The generating function Q(1, 0, z) counts the number of walks starting from (0, 0) and ending at the horizontal axis. In addition, by an evident symmetry, Q(0, 1, z) = Q(1, 0, z).
Proposition 3.4
Having the expressions of Q(1, 0, z) and Q(0, 1, z), the series Q(1, 1, z) is directly obtained from (2.1). The asymptotics of its coefficients, which represent the total number of walks of a given length, is the subject of the next result.
Proposition 3.5
Proof of Proposition 3.1: The key point is to reduce the computation of Q(x, 0, z) to a BVP set on Γ = {t ∈ C : |t| = 1}, according to the procedure proposed in [8, 9] , and briefly described now. Letting D be a simply connected domain bounded by a smooth curve L, the BVP we shall encounter in this study belongs to a wide class (studied among others by Riemann, Dirichlet, Hilbert, Carleman) and can be stated as follows.
Find a function F of a single complex variable x, holomorphic in D and satisfying a boundary condition of the form
where g(t) is a known function satisfying at least a Hölder condition on L. Indeed, for any t ∈ Γ, we have
wheret stands for the complex conjugate of t. The proof of (3.2) relies on simple manipulations on the functional equation (2.1). The main argument is the following. On K(x, y, z) = 0, letting y tend successively from above (y + ) and from below (y − ) to an arbitrary point y on the cut [y 1 (z), y 2 (z)] (which is merely a segment) defined in (2.5), Q(0, y, z) remains continuous, and thus can be eliminated by computing the difference Q(0, y + , z) − Q(0, y − , z) = 0 in the functional equation (2.1), see [8, 9] for full details.
In the present case, a pleasant point (from a computational point of view) is that, on the unit circle, we havet = 1/t. Hence, after mutiplying both sides of (3.2) by 1/(t − x) with |x| < 1, integrating over Γ, and making use of Cauchy's formula, we get the following integral form (noting that here c(
For t ∈ Γ, we know from general results [9, 21] that for z ∈ [0, 1/4], Y 0 (t, z) is real and belongs to the segment [y 1 (z), y 2 (z)], the extremities of which are the two branch points located inside the unit circle in the y-plane, see Section 2. Then it is not difficult to check that the integral on the right-hand side of (3.3) does vanish at x = 0. Hence we are entitled to write
where the last equality follows from l'Hospital's rule.
To exploit formula (3.4), it is convenient to make the straightforward change of variable t = e iθ , which yields
where we have used the fact that Y 0 (e iθ , z) is real and Y 0 (e iθ , z) = Y 0 (e −iθ , z). Furthermore, we have by (2.6)
Then, instantiating (3.6) in (3.5), we get after some light algebra
Putting now u = cos θ in the integrand, equation (3.7) becomes exactly (3.1). ✷
Proof of Proposition 3.2:
The function
, as it easily emerges from Proposition 3.1. Accordingly, the asymptotics of its coefficients will be derived from the behavior of the function in the neighborhood of ±1/4 (see, e.g., [13] ). On the other hand Q(0, 0, z) is even, as can be seen in (3.1), or directly since q(0, 0, 2n + 1) = 0, for any n 0, in the case of the simple walk (see Figure 1 .1). Consequently, it suffices to focus on the point 1/4. First, we rewrite
where the second radical admits the expansion i,j 0 µ i,j (u − 1)
Therefore, for z in a neighborhood of 1/4, we have
We shall show below that, for any i 0, there exist two functions, say f i and g i , which are analytic at z = 1/4 and such that, for z in a neighborhood of 1/4,
Now, by inserting identity (3.9) into (3.8), we obtain the existence of a function, say g, analytic at z = 1/4 and such that
Furthermore, it is easy to prove f 0 (1/4) = 4 √ 2 and µ 0,0 = √ 2. With these values, a classical singularity analysis (see, e.g., [13, 23] ) shows that, as n → ∞, the nth coefficient of the function in the right-hand side of (3.10) is equivalent to (16/π)4 n /n 3 . It is then immediate to infer that
remarking in the latter quantity the factor 32 (and not 16 !), due to the parity of Q(0, 0, z) mentioned earlier. ✷ Proof of (3.9): Let Λ i (z) denote the integral in the left-hand side of (3.9). The change of variable
Then, by letting v = cosh t, we conclude that
Besides, by a classical linearization argument, there exist real coefficients α 0 , . . . , α i+2 such that
So, by means of (3.12), it is easy to integrate Λ i (z). Then a delinearization argument shows the existence of two functions, g i and h i , which are analytic at z = 1/4 and satisfy
Finally, remembering that, for all u ≥ 1, cosh
Proof of Proposition 3.3:
The argument mimics the one used in Proposition 3.2. Instantiating x = 1 in equation (3.3) and using (3.6) yields directly
and the proof of Proposition 3.3 is complete. ✷
Proof of Proposition 3.4:
It is quite similar to that of Proposition 3.2, by starting from the integral formulation of Q(1, 0, z) written in Proposition 3.3, and making an expansion of the integrand in the neighborhood of u = 1 and z = 1/4. So we omit it. ✷
Proof of Proposition 3.5:
It is an immediate consequence of Proposition 3.4, by using the equality
which follows from (2.1). ✷
Remark 3.6
In fact q(0, 0, 2n) is the product of the two Calalan's numbers C n and C n+1 and similar expressions exist for the coefficients of Q(1, 0, z) and Q(1, 1, z). They can be obtained either using a shuffle of one dimensional-random walks, or the reflection principle (see for instance [15] ).
4 Asymptotics of the number of walks with small steps confined to the quarter plane: a general approch
This part aims at extending the approach of Section 3 to all 79 models. For this, we show in Section 4.1 that Q(x, 0, z) and Q(0, y, z) satisfy some BVP, that we solve in Section 4.2. Next, in Section 4.3 we compute Q(0, 0, z), Q(1, 0, z), Q(0, 1, z) and Q(1, 1, z) (question 1). In Section 4.4, we see that the analysis of Section 3 applies verbatim to the 19 walks having a group of order 4. Finally, in Section 4.5 we analyze the singularities of the generating functions (question 2). In this short paper, we cannot provide the full details for the analysis of these singularities: we just explain where the singularities come from, and we postpone to the ongoing work [12] the computation of the exact behavior of the generating functions in the neighborhood of the (dominant) singularities.
Reduction to a boundary value problem
Most of the results in this section are borrowed from [9, 21] . In the general framework (i.e., for all 79 models), equation (3.2) holds on the curve, drawn in the x-complex plane C,
depicted in the next lemma, when the genus of the Riemann surface (corresponding to the manifold {(x, y :∈ C 2 : K(x, y, z) = 0}) is equal to 1. Here, remembering that z is real, we let
stand for a contour, which is the slit [y 1 (z), y 2 (z)] traversed from y 1 (z) to y 2 (z) along the upper edge, and then back to y 1 (z) along the lower edge.
Lemma 4.1 The curve M z is one of the two components of a plane quartic curve with the following properties.
• It is symmetrical with respect to the real axis.
• It is connected and closed in C ∪ {∞}.
• It splits the plane into two connected domains, and we shall denote by G (M z ) that containing the point
Similarly, we can define, in the y-complex plane C, the curve L z and the domain G (L z ). However, in the case of a group (1.3) of order 4, the two components introduced above coincide to form a double circle, as in Section 3. Also, in the case of genus 0, there is only one component, which for instance can be an ellipse, see [9, Chapter 6] .
Then, starting from the formal boundary condition (3.2) on the curve M z , the function Q(x, 0, z) can be analytically continued with respect to x from the unit disc to the domain G (M z ), see [9, 21] . The properties quoted in this section lead to the formulation of the fundamental BVP.
Find a function x → Q(x, 0, z) analytic in the domain G (M z ), and satisfying condition (3.2) on the boundary M z .
Solution of the boundary value problem by means of conformal gluing
To solve the BVP stated in the previous section, we make use of [8, 9, 21] . In particular, we need the notion of conformal gluing function (CGF). Indeed, as it is, the BVP holds on a curve that splits the plane into two connected components (see Lemma 4.1). However, the BPV on the curve M z can be reduced to a BVP set on a segment, which is somehow computationally more convenient (see [18] and references therein). • w is meromorphic in C .
• w establishes a conformal mapping of C onto the complex plane cut along a segment.
• For all t in the boundary of C , w(t) = w(t).
For instance, the mapping t → t + 1/t is a CGF for the unit disc centered at 0. It is worth noting that the existence (however without any explicit expression) of a CGF for a generic domain C is ensured by general results on conformal gluing [18, Chapter 2] . In the sequel, we shall assume that the unique pole of w is at t = 0. Then the main result of this section is the following.
Proposition 4.3 For
where w(x, z) is the gluing function for the domain
Of course, a similar expression could be written for Q(0, y, z).
Computation of
The expression we shall obtain for Q(0, 0, z) depends on c(x) or symmetrically on c(y), see equation (2.3), in the following respect.
(a) Suppose first c(0) = 0 (this equality holds for the simple walk). Then, as in Section 3, we can write
is not constant, then it has one or two roots, which are located on the unit circle Γ, see (2.3) and (1.1). More precisely, c(x) takes either of the forms
with the respective roots −1, {i,ī}, {j,j}. Let x denote one of these roots. Then, provided that x ∈ G (M z ), we can write
(c) If c(0) = 0 and c(x) is constant, then we can evaluate the functional equation (2.1) at any point (x, y) such that |x| 1, |y| 1 and K(x, y, z) = 0, to obtain an expression for Q(0, 0, z).
The computation of Q(1, 0, z) and Q(0, 1, z) depends on the position of the point 1 with respect to G (M z ) and G (L z ). Indeed, if 1 belongs to these domains, then Q(1, 0, z) and Q(0, 1, z) are simply obtained by evaluating the integral formulations (4.1) at x = 1 and y = 1.
We now assume that for a given z, the point 1 does not belong to G (M z ). Then, by evaluating the functional equation (2.1) at (x, Y 0 (x, z)) and (X 0 (Y 0 (x, z), z), Y 0 (x, z)), and by making the difference of the two resulting relations, we obtain 
Case of the group of order 4
For the 19 walks with a group (1.3) of order 4 (the step sets S for these models have been classified in [5] ), there are two possible ways to compute the exact expression and the asymptotic of the coefficients of Q(0, 0, z), Q(1, 0, z), Q(0, 1, z) and Q (1, 1, z) . Firstly, we can use Section 4.2, as for any of the 79 models. Secondly, the reasoning presented in Section 3 extends immediately to the 19 walks having a group of order 4. Indeed, since in this case the boundary condition (3.2) is set on a circle, we can replace t by a simple linear fractional transform of t-for example, for the unit circle centered at 0, t = 1/t. In addition, it is proved in [9] that having a BVP set on a circle is equivalent for the group to be of order 4.
For the simple walk, one can check that these two ways of approach coincide: take t + 1/t for the CGF w(t, z) in (4.1), then make a partial fraction expansion of w ′ (t, z)/[w(t, z) − w(x, z)], and this will eventually lead to (3.3).
Singularities of the generating functions
As written in the beginning of Section 4, we cannot in this short paper go into deeper detail about the analysis of singularities. Let us simply state that only the real singularities of Q(0, 0, z), Q(1, 0, z), Q(0, 1, z) and Q(1, 1, z) play a role. Below, from the expressions of these generating functions obtained in Section 4.3, we just explain the main origin of all possible singularities, and postpone the complete proofs to [12] .
Consider first Q(0, 0, z).
